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ABSTRACT
The dominant baryonic component of galaxy clusters is hot gas whose distribution is commonly
probed through X-ray emission arising from thermal bremsstrahlung. The density profile thus ob-
tained has been traditionally modeled with a β-profile, a simple function with only three parameters.
However, this model is known to be insufficient for characterizing the range of cluster gas distribu-
tions, and attempts to rectify this shortcoming typically introduce additional parameters to increase
the fitting flexibility. We use cosmological and physical considerations to obtain a family of profiles for
the gas with fewer parameters than the β-model but which better accounts for observed gas profiles
over wide radial intervals.
Subject headings: Cosmology: theory — Galaxies: clusters: intracluster medium — X-rays: galaxies:
clusters
1. INTRODUCTION
Gas hotter than 107 K permeates the intergalactic me-
dia of galaxy clusters and constitutes the dominant bary-
onic component of these virialized objects. Understand-
ing the properties and distribution of this intracluster
gas yields insights into cosmology and the physics of
galaxy clusters. For example, knowledge of the den-
sity and temperature profiles of the gas from X-ray data,
coupled with the assumption of hydrostatic equilibrium,
provides an estimate of the total mass of the cluster,
which can be used statistically to constrain cosmological
parameters (Vikhlinin et al. 2009b; Ettori et al. 2013).
High-resolution hydrodynamical simulations incorporate
the physical phenomena – supernova, AGN feedback,
as well as radiative cooling – that shape the observed
density and temperature profiles of galaxy clusters (see
Kravtsov & Borgani 2012, and references therein).
At the intersection of the observational and theoret-
ical fronts lies analytical modeling of the density pro-
files of X-ray emitting intracluster gas. The gas den-
sity has been described by a variety of functions, most
notably the β-model (Cavaliere & Fusco-Femiano 1976)
and modifications thereof (Vikhlinin et al. 2006). Such
functions are either ad hoc models with many parame-
ters to provide fitting flexibility or motivated using un-
founded physical assumptions (the popular β-model, for
example, is derived assuming the isothermality of the
cluster gas). More recent works have attempted to es-
tablish physically motivated models via the assumptions
of hydrostatic equilibrium and, for instance, a poly-
tropic equation of state (Ostriker, Bode, & Babul 2005;
Bulbul et al. 2010) or an analytical temperature profile
tailored to data (Ascasibar & Diego 2008). However,
these models still typically require more parameters than
the simple β-profile to model the range of cluster features
observed in X-ray data and impose quite stringent con-
straints on the physics of the gas. Our goal is to provide
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a prescription for a new family of profiles that satisfies a
set of simple physical assumptions and that has sufficient
fitting flexibility to improve upon – but as many or fewer
parameters as – the standard β-model.
2. BACKGROUND
2.1. Gas Density Profiles
Galaxy cluster gas density profiles have been tradition-
ally described by the three-parameter β-model,
ρg(r) =
ρ0
(1 + (r/rc)2)
3β/2
, (1)
with a standard value of β = 2/3. The β-model
is physically motivated; that is, it may be derived
from the equation of hydrostatic equilibrium assum-
ing that the gas is isothermal and that the total
matter distribution is described by a King model
(Cavaliere & Fusco-Femiano 1976). However, the cluster
gas is not isothermal (Vikhlinin et al. 2005; Pratt et al.
2007; Leccardi & Molendi 2008). Furthermore, the β-
model is limited in its ability to describe the observed
features of galaxy cluster gas density distributions. Many
clusters, particularly the relaxed clusters most often tar-
geted for X-ray measurements, feature cuspy profiles,
while the β-model produces a central core, which is more
typical of merging systems (Vikhlinin et al. 2006). Ac-
cordingly, analyses relying on the β-model often exclude
data in the centers out to large radii in order to obtain
good fits (e.g., Pointecouteau et al. 2004).
To circumvent this issue, many papers have built upon
the β-model by adding more parameters to increase mod-
eling flexibility. One such model is the double β-model
(e.g., Mohr, Mathiesen, & Evrard 1999), which simply
adds an additional β-profile with a different core ra-
dius and β parameter to separately fit the inner and
outer regions. Another, more recent model is that of
Vikhlinin et al. (2006), who modified a β-model base by
adding functional features to match observations, yield-
ing a ten-parameter model:
2ρ2g(r) =
ρ20,1
(1 + (r/rs)γ)ǫ/γ
(r/rc,1)
−α
(1 + (r/rc,1)2)
3β1−α/2
+
ρ20,2
(1 + (r/rc,2)2)
3β2
. (2)
However, although such models greatly improve the fit
to data, their forms are no longer motivated by physical
principles but are rather constructed from knowledge of
variations in cluster gas profiles. Our approach is differ-
ent; rather than starting with a knowledge of gas profiles,
we begin with a few physical and cosmological require-
ments, in particular that the virialized baryon content of
the cluster is representative of the universe and that the
cluster features a virial shock.
2.2. The Virial Shock
Cosmological theories of structure formation predict
that matter accreting onto galaxy clusters should ex-
perience a shock, termed the ‘virial shock,’ coincid-
ing roughly with the virial radius of the cluster (e.g.,
Bertschinger 1985). Detection of such a shock around
a cluster would serve as an important probe of cosmo-
logical infall and accretion. Previous work has exam-
ined the impact of shocks on relations between X-ray
observables such as the luminosity-temperature relation
(Cavaliere, Menci, & Tozzi 1997), but we will instead re-
late the physics of the shock and the dark matter content
of the cluster in deriving families of gas density profiles.
To do so, we will rely on the Rankine-Hugoniot shock
jump conditions, which, for the gas density, state that
(Landau & Lifshitz 1987):
Γg ≡
ρ2
ρ1
=
(γ + 1)M2
(γ − 1)M2 + 2
, (3)
where γ is the gas adiabatic index,M denotes the shock
Mach number, and ρ2 and ρ1 are the densities of the clus-
ter gas and the infalling gas, respectively, at the shock.
For a monatomic gas with γ = 5/3, the maximum value
of the jump is Γg = 4 asM→∞.
Diemer & Kravtsov (2014) have recently found that
dark matter profiles in fact exhibit a similar jump
near the virial radius of the cluster (see also
Adhikari, Dalal, & Chamberlain 2014) . In analogy to
the gas shock jump parameter Γg, we will parameterize
the jump in the dark matter density by ΓDM.
3. METHOD
We seek to obtain gas density profiles not from an ad
hoc prescription tailored to suit a data set, but rather
from making only a few simple assumptions about the
structure and physics of the galaxy cluster, including the
virial density jumps discussed above. As shall be ex-
plored further in §4, the result is a family of profiles with
up to as many parameters as the β-model, but better
able to accommodate the diversity of features observed
in cluster gas profiles.
3.1. Assumptions
Our model galaxy cluster is spherically symmetric,
with a virial shock occurring at a radius s and a known
dark matter profile ρDM(r). We define fg = ηΩb/ΩDM ,
where η is a parameter fixing the fraction of baryons in
the gas phase within s, and Ωb and ΩDM are the cosmo-
logical density parameters of baryons and dark matter,
respectively. We then assume the following three condi-
tions:
I. Mg(< s) = fgMDM(< s)
II. ρg(s
−) = Γgρg(s
+)
III. ρg(r) = fgρDM(r) for r > s, and for all r if Γg = 1
where the minus and plus indicate the regions just to
the inside and outside of the shock, respectively, and we
assume that a dark matter jump is coincident with the
gas shock, so that ΓDM = ρDM(s
−)/ρDM(s
+); hereafter,
for simplicity, we will refer to the dark matter profile with
this jump by the name of the unperturbed dark matter
model, so we note that, for a given dark matter model
ρm(r) internal to s, the profile external to s is in fact
ρDM(r) = ρm(r)/ΓDM.
Lastly, to allow us to solve for a profile, we introduce
one additional assumption: denoting x = r/rs, where
rs is a scale radius in a given model, and referring to
condition I, we employ the following ansatz:
1
fg
Mg(x) =MDM(ξx
n), (4)
where ξ and n are parameters to be found. This choice of
parametrization has the benefits of being mathematically
simple and preserving scale invariance. We now apply
these conditions to find profiles for the gas internal to
the virial shock.
3.2. General Derivation
Beginning with the relation defined by equation (4),
we obtain the gas density profile as:
ρg(x) =
1
4pix2
dMg
dx
=
fg
4pix2
d
dx
MDM(ξx
n), (5)
ρg(x) = fgnξ
3x3n−3ρDM(ξx
n). (6)
Now, using conditions II and III, we see that:
ρg
(
s
rs
)
= fgnξ
3
[
s
rs
]3n−3
ρDM
(
ξ
[
s
rs
]n)
; (7)
the argument of the dark matter function then yields:
ξ
[
s
rs
]n
=
s
rs
⇒ ξ =
[
s
rs
]1−n
, (8)
and the normalization gives:
nξ3
[
s
rs
]3n−3
=
Γg
ΓDM
≡ Γ. (9)
Combining these two expressions then provides us with
ξ and n in terms of our physical variables:
n = Γ, (10)
ξ =
(
s
rs
)1−Γ
. (11)
3This means that our final expression for the gas density
is simply:
ρg
(
r
rs
)
= Γfg
(r
s
)3Γ−3
ρDM
(
s
rs
[r
s
]Γ)
. (12)
3.3. Power Law Profile
To motivate our method, we first obtain a family of
gas density profiles assuming a simple power law for the
dark matter density profile,
ρDM(r) =
A
rk
, (13)
with k < 3. This profile describes, for instance, the sin-
gular isothermal sphere with k = 2. For this profile,
rs = 1, and equation (12) yields:
ρg(r) =
ΓfgA
sk(r/s)3+Γ(k−3)
. (14)
It is straightforward to verify that such a profile fulfills
the conditions of §3.1.
3.4. Einasto Profile
We next consider the Einasto profile (Einasto 1965),
ρDM(r) = A exp
[
−
2
α
(
r
rs
)α]
, (15)
which recent cosmological simulations have found to
be a very good description of dark matter halos
(e.g., Ludlow et al. 2013), but which has not yet en-
joyed as widespread use as some other models, partly
due to the lack of closed-form expressions for many
quantities of interest, such as the surface density
(Retana-Montenegro, et al. 2012). However, the gas den-
sity derived from this profile using our method does have
an analytical form:
ρg(r) = ΓfgA
(r
s
)3Γ−3
exp
[
−
2
α
(
s
rs
)α (r
s
)Γα]
. (16)
3.5. NFW Profile
We now apply our method to the widely-used Navarro-
Frenk-White (NFW) (Navarro, Frenk, & White 1997)
profile,
ρDM(r) =
A
r/rs(1 + r/rs)2
, (17)
which has been demonstrated to provide a good fit to
dark matter halos in simulations. Using equation (12),
we find:
ρg(r) = ΓfgA
(r/s)
2Γ−2
r/rs
(
1 + (s/rs) (r/s)
Γ
)2 . (18)
Our profile has two parameters fixed by the choice of
an NFW dark matter profile, the amplitude A = ρcδc
and the scale radius rs. These can be obtained indepen-
dently of the gas data (for instance, via weak lensing).
The other three are free parameters: the gas fraction fg,
the shock radius s, and the jump ratio Γ. Qualitatively,
our analytic expression for the gas density yields a cuspy
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Fig. 1.— Gas profiles for various choices of Γ, assuming an NFW
dark matter profile as described in §3.5.
inner profile for 1 < Γ < 1.5, a pure core for Γ = 1.5, a
core with an inner decline for 1.5 < Γ . 2, and a central
depression for Γ & 2. Examples of these profile types are
illustrated in Figure 1.
3.6. Generalized NFW Profiles
The NFW profile of the preceding section can be char-
acterized by its behavior at two extremes – in the large r
limit, ρNFW ∼ r
−3, while for small r, ρNFW ∼ r
−1. How-
ever, dark matter halos do exhibit some scatter, particu-
larly in their internal structure. As a result, it is possible
to consider the NFW profile as a special case of a broader
family of models, the generalized NFW profiles:
ρ(r) =
A
(r/rs)
α
(1 + r/rs)
3−α , (19)
which ensure that for large r, ρ ∼ r−3, while allowing for
variations in the central region, for which ρ ∼ r−α.
Both cosmological simulations and observational data
have yielded diverse estimates for the value of the
α parameter. As discussed above, the work of
Navarro, Frenk, & White (1997) yielded α = 1, in good
agreement with simulations and data. On the other
hand, the simulations of Moore et al. (1999) suggested
that α = 1.5, which is an upper bound of the range
of the recent results of Schaller et al. (2014), whose
simulations found dark matter slopes that tend to be
steeper than that of the NFW model for small clus-
ters, and similar to NFW for large clusters. On the
observational side, several efforts have obtained values
of α < 1 (Newman et al. 2013, and references therein),
while other analyses have concluded that α ≈ 0.9 −
1.2 (Oguri et al. 2009; Richard et al. 2009; Saha & Read
2009).
We can test the implications of these variations for our
method by deriving a family of profiles for the generalized
NFW profile. From equation (12), we obtain:
ρg(r) = ΓfgA
(r/s)(3−α)Γ+α−3
(r/rs)α(1 + (s/rs)(r/s)Γ)3−α
. (20)
We immediately see that this profile reduces to equation
(18) for α = 1.
In principle, we are interested in the regime in which
the profiles yield either cuspy or cored interiors, which
are the two observed types of gas density profile, as will
4be explored further in §4. From equation (20), this con-
dition can be expressed as:
(3 − α)Γ− 3 . 0, (21)
which imposes a constraint on the allowed values of Γ.
We thus find that, for α = 1, as before, Γ . 3/2, while
for α = 3/2, Γ . 2, and for α = 2, Γ . 3. Accordingly,
we see that by modifying the value of α, we can alter the
range of acceptable Γ values. However, for the remainder
of the paper, we will use the gas profile that we obtained
from the standard NFW (α = 1) dark matter profile,
defined by equation (18).
4. COMPARISON WITH OBSERVATIONS
Having established the mathematical structure of our
model (equation (18)), we now aim to test it against ob-
servational data. We use deprojected gas density profiles
from Vikhlinin et al. (2006) (hereafter V06), which con-
sists of 13 low-redshift, relaxed clusters and groups, and
the low-redshift sample of Vikhlinin et al. (2009a) (V09),
which provides a more representative sample of clusters,
including both relaxed and disturbed systems. We defer
to the above papers for additional details on the data,
but we note that we adopt the same ΛCDM cosmologi-
cal parameters: h = 0.72, ΩΛ = 0.7, and Ωm = 0.3.
We fit both our model and the β-model to the data,
excluding USGC S152 since it has no listed r500 – the
radius corresponding to a density of 500 times the critical
density ρc – or c500 – the corresponding concentration
parameter – value. For the clusters in the 2006 sample,
we have all of the quantities – the redshift z, c500, and
r500 – needed to determine the NFW parameters of our
model. For the V09 sample, we lack only individual c500
values, and instead assume a fixed value of c500 = 3.5 for
all the clusters, which is reasonable for the mass range of
these clusters (see V06 and V09 and references therein).
To transform the mass density to a number density,
we use ρg = 1.274mp(nenp)
1/2, where the conversion
factor assumes a primordial abundance of helium and
a Z = 0.1Z⊙ abundance of heavier elements. We addi-
tionally constrain our fits to 20 kpc < r < r500; the lower
limit is imposed to avoid the contribution of the central
galaxy, and the upper limit excludes the data points that
are beyond the field-of-view of Chandra and are instead
extrapolated from the model of V06. The results of our
fits to the clusters are summarized in Figure 2 and exam-
ples of our fits are shown in Figure 3 for relaxed clusters
and Figure 4 for merging systems. We now discuss these
in turn.
4.1. Fit Parameters
The top left panel of Figure 2 shows the distribution of
fitted fg parameters, which are generally reasonable gas
fraction estimates. However, it is worth noting that the
fg parameter measured here is the gas fraction interior
to the shock radius s, as per condition I, as well as the
local gas fraction normalization of the profile exterior to
s, following condition III. Interior to s, the gas fraction
is not constant (except in the case where Γg = 1 and
the interior profile is simply a scaled NFW profile). The
radial variation of the ratio of our profile to its progenitor
NFW profile is shown in the bottom left panel of Figure 2
for four clusters with various values of Γ.
The distribution of fitted Γ parameters is given in the
top right panel of Figure 2, from which it is clear that the
data favor values of Γ . 1.5. This trend can be partly
explained by the composition of our sample, which com-
prises primarily relaxed clusters with cuspy central pro-
files. This suggests that Γg and ΓDM should be compara-
ble. The recent simulations of Schaal & Springel (2015)
favor M ≈ 2.7, which for a gas with γ = 5/3 implies a
shock jump of Γg ≈ 3; these simulations coupled with our
inferences from X-ray data thus suggest that ΓDM ≈ 2-3.
An additional consequence of these low Γ values is that
the model is not very sensitive to the value of s; indeed,
by construction, if Γ = 1, the s parameter disappears
from the model entirely. Accordingly, the s parameter is
not well-constrained, and the fitting procedure typically
chooses a value at one of the fitting limits. These results
thus indicate that our model is really at most a two-
parameter model; the use of our model with even fewer
parameters is discussed further in §4.3.
We present one other result in Figure 2: in the bottom
right panel, we show the temperature profiles obtained
for four relaxed clusters by numerically solving the equa-
tion of hydrostatic equilibrium with sensible initial con-
ditions for each cluster. For comparison, we scale all the
temperature profiles by their peak value Tp and also plot
the average analytical model of V06; we see good agree-
ment between the analytical model and our numerical
profiles for relaxed clusters. Since this suggests that our
model is in agreement with the detailed prescriptions of
V06, we now turn to comparisons with the traditional
β-model.
4.2. Model Comparison
Figures 3 (relaxed clusters) and 4 (merging clusters)
show a subset of clusters fitted with both our model and
the β-model for which our model provides a good descrip-
tion of the behavior of the gas over the fairly wide range
of radii we consider. The bottom panel in each of the
plots shows the normalized residual δ = (ρm − ρd)/ρd,
where m and d refer to the model and data, respectively.
These residuals provide a measure for comparing the fits,
as we cannot use the reduced χ2, for not only are we
fitting to data reconstructed via the analytical model of
V06, but we are doing so with a model whose parameters
are non-linear, rendering the statistic formally untenable.
We make such a comparison in Figure 5, in which we
show the distribution of maximum normalized residuals
|δ| for all clusters. The distributions are clearly more fa-
vorable for our model. If we compare the values of these
maximum residuals, we find, as expected, that our model
does better in the central regions where the β-model can-
not accommodate a cusp, but we also see significant im-
provement using our model in the outer regions of the
clusters, where the β-model yields several large outliers.
Accordingly, we find that our model provides a good
description for many of the clusters in our sample, and
improves upon the β-model for most clusters over the
range 20 kpc < r < r500, although our model does tend
to not be a good description of the lowest mass clusters
in our sample (M500 . 3×10
14M⊙). Additionally, as can
be seen by way of comparing Figures 3 and 4, our model
tends to be a better description for relaxed systems than
merging ones. This is not particularly surprising, as our
derivation assumes fairly basic properties (such as spher-
ical symmetry and a simple NFW model for the dark
matter) that may not hold in the case of mergers. Fur-
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Fig. 2.— A summary of the results of fitting our model to the cluster sample. Top: the distribution of fitted fg (left) and Γ values (right)
for the V06 and V09 samples. The parameter s is poorly constrained and thus not included. Bottom: the radial variation of ρΓ/ρNFW
(left) and the scaled temperature profiles (right) resulting from a numerical computation using the equation of hydrostatic equilibrium and
our density model for four clusters alongside the average temperature profile from V06 in black.
thermore, compared to the β-model, we make substantial
improvements to fitting the central regions of the relaxed
clusters, primarily due to one parameter, Γ.
4.3. Extensions of the Model
The results of the preceding sections have indicated
that our model is in fact most strongly dependent on
the parameter Γ, which controls the shape of the pro-
file. Accordingly, it is possible to use this model as a
one-parameter family of profiles by fixing s to some rea-
sonable value (for instance, for these low-redshift clus-
ters, s ≈ 2-3 Mpc is acceptable since s ∼ rvir ∼ 2r500)
and also fixing fg = Ωm/ΩDM (Ωb/Ωm − f∗), where f∗
is the fraction of baryonic matter in stars and for which
values can be estimated independently based on opti-
cal/infrared data.
Our model, having been derived from the NFW pro-
file, is of course dependent upon the NFW parameters
rs and δc, for which r∆ and corresponding c∆ (where
∆ indicates the overdensity with respect to the critical
density) should be determined. These can be obtained
through other means, such as weak lensing. However,
one can also leave these parameters free in the fit and
obtain a model with the three free parameters (Γ, rs, δc)
instead of (Γ, fg, s). In any case, the model has signif-
icant freedom and yet enough simplicity to provide an
attractive alternative to the β-model.
5. DISCUSSION
By imposing only three simple cosmological and phys-
ical conditions that a gas density profile must satisfy,
we have derived a family of profiles, characterized pri-
marily by a single parameter Γ, that provide a good de-
scription of observational data over a wide range of radii.
Our model can be used with 1-3 free parameters, each of
which possesses a physical interpretation – Γ and s come
from the condition that there exist a virial shock on the
outskirts of the cluster and represent its strength (rela-
tive to the dark matter jump) and location, respectively,
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δ (see text).
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8while fg is a gas fraction parameter that fixes how much
of the baryonic matter of the cluster is in the gas phase
within s. However, upon comparison with X-ray data,
we find that observations favor low values of Γ, the main
parameter controlling the shape of the profile, which in
turn leads to the s parameter being poorly constrained.
Additionally, average values of fg can be estimated from
the literature, and fixing both it and s to reasonable val-
ues leaves us with a one-parameter model.
The derivation of our model assumes that the dark
matter distribution internal to s follows an NFW profile;
accordingly, we have additional NFW parameters in our
model. We do not necessarily count these as free pa-
rameters, since for many clusters they can be obtained
from other data sets. However, in lieu of additional infor-
mation, one can also consider an alternative model with
the three parameters (Γ, rs, δc) and s and fg fixed, as
discussed above.
Upon comparison with data, we find that our model
provides enhanced flexibility over the β-model in the cen-
tral regions of clusters, which can feature either promi-
nent cores or cusps, while not introducing more param-
eters. Our model thus does not require an arbitrary ra-
dius cutoff, which is often necessary for modeling with
the β profile. We find satisfactory agreement between
our model and the data for both relaxed clusters and
mergers, although as a whole our model is a better de-
scription for relaxed systems. This is understandable,
since mergers can violate some of the assumptions that
we make.
Overall, our family of functions provides a simple but
accurate model of the galaxy cluster gas density distri-
bution. We anticipate that it will have applications in
both observational and theoretical work. From observa-
tions, we await confirmation of the virial shock, whose
strength and location will provide an evaluation of our
model parameters. On the theoretical side, our model
can be used as a simple description of a wide range of
cluster gas morphologies in numerical simulations. Fur-
thermore, the prescription we present herein is not lim-
ited to the model that we present; in addition to the
other families of profiles that we derived in §3, there are
numerous extensions and modifications of our conditions
that can be imposed to generate yet other models. Fu-
ture efforts may build upon this framework to introduce
additional physics of galaxy clusters into the modeling of
their gas distributions.
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